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The use of Bose-Einstein statistics in analysing the distribution of intracellular organelles:
The development of a Bose-Einstein probe

N. T. James
Department of Biomedical Science, University of Sheffield, Sheffield S10 2TN (Great Britain)

Summary. Bose-Einstein statistics have been used to study the distribution patterns of organelles within cells, for
example, invertebrate smooth muscle filaments, microtubules in axons and micropinocytic vesicles in capillary
endothelial cells. These and other intracellular structures were found to occur non-randomly within cells. An index
of redundancy (R) was used as a measure of the other of their two-dimensional distributional pattern and as an
estimate of the extent to which mechanical or other processes might be inducing the occurrence of an otherwise
non-random distribution. It is suggested that Bose-Einstein statistics could be of considerable value in analysing not
only the distribution patterns of organelles in cell biology but also two dimensional patterns in many other fields of
study such as histology, pathology, autoradiography, or epidemiology.

Key words. Spatial distribution; randomness; entropy; Bose-Einstein statistics; patterns; order; hyperdispersed
populations.

Introduction

Studies on the distribution pattern of intracellular or- that any type of intracellular organelle possesses a non-
ganelles are important since they indicate how such struc-  random distribution pattern naturally leads to specula-
tures come to lie in relation to each other. The finding tion and experiment as to the functional and structural
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causes. For example, it is known that thick filaments of
snail smooth muscle !, microtubules of nerves ?, pig mus-
cle mitochondria?, type 1 skeletal muscle fibres*, Rh
antigens on erythrocyte membranes ® and micropinocytic
vesicles of capillary endothelia in rats © all form hyperdis-
perse populations, i.e. each organelle occurred further
away from each of its nearest neighbours than if they
formed randomly distributed populations.

Two basic types of procedure can be used for studying
spatial point patterns in two dimensions (in R?), distance
sampling and quadrat sampling’ ''. In distance sam-
pling, the mean distances between test objects and their
nearest neighbours are measured whereas in convention-
al quadrat sampling the numbers of objects found within
randomly placed single sampling areas (quadrats) are
counted. The ratio of the sample variance to the mean of
the number of objects per quadrat can be used as an
index of spatial dispersion ’ - 2. Variance to mean ratios
not significantly different from one indicate a Poisson
(complete spatial randomness, CSR) distribution of
points whilst values significantly greater or less than one
indicate a clumped or dispersed distribution respectively.
In conventional quadrat sampling two major types of
difficulty often prevent a comprehensive description of
the processes responsible for the generating patterns'®.
First there are technical problems such as the selection of
appropriate quadrat size of the distribution of quadrats
to be followed during the sampling exercise. Second, the
assumption of a particular probability distribution func-
tion may not necessarily be indicative of the actual pro-
cess governing the formation of a particular pattern. In
order to overcome some of these difficulties Bose-Ein-
stein statistics have previously been used in such subjects
as geography and ecology to give alternative definitions
of randomness **- 14,

Bose-Einstein statistics describe one of a series of classi-
cal occupancy problems commonly encountered in statis-
tical mechanics in which the number of different ways in
which any number of r identical particles can be placed

Figure 1. Typical example of a 4 x4 sampling grid superimposed on
synthetic but non-random population of test objects. Note that some
square cells (quadrats) of the sampling grid (which would be placed
randomly on test micrographs) contain one test object whilst a few
quadrats contain either none or two test objects.
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into n boxes is under study. Alternatively, where identical
particles are limited to one per box or the particles are
different and any number can be placed in any box, then
the distributions are described by Fermi-Dirac and
Maxwell-Boltzman statistics respectively. Bose-Einstein
statistics are relevant to many other problems including
investigations into the number of data blocks required to
answer queries in computing science '°. The relation of
Bose-Finstein statistics to the concept of entropy has
been widely explored and used in information theo-
ry1%17- It has been proposed that Bose-Einstein statis-
tics provide a link between spatial and numerical distri-
butions. The spatial pattern determines the numerical
distribution and the probability of seeing a specific nu-
merical distribution depends on the number of spatial
patterns giving rise to that distribution.

The practical implementation of Bose-Einstein statistics
depends upon the probability distribution

<n+r—m—2>

r—m

p= =/
n+r—1
")

wherem =0,1,2,....r, P, 1s the probability of finding a
specified cell in a quadrat census that contains m points
and where r is the total number of points lying in the n
cells of the census. A scale free redundancy index (R) is
then used to give a measure of the extent to which a
process governs the formation of a pattern using the

relation
S P log <n )
m=0 N1 ™

r 1
P 1 —
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where 7, is the number of cells containing m points.

R=1-

Materials and methods

Several sources of material were used for analyses of
spatial patterns. Electron micrographs of transverse sec-
tions of smooth muscle fibres of the snail, Helix aspersa®
and guinea pig axons were reanalysed to study the distri-
bution of thick paramyosin filaments and microtubules
respectively. Freeze fracture preparations previously
used to measure the mean nearest neighbour distances
between micropinocytic vesicles® and previously ob-
tained data on the distribution of Rhesus antigens on red
cell membranes were also reanalysed .

Transparent plastic sheets each bearing a test grid con-
sisting of a square (4 x 4) lattice of n =16 cells (fig. 1)
were superimposed randomly on micrographs and the
number of test objects (paramyosin filaments, vesicles
etc.) lying in each cell was recorded. Values for the redun-
dancy index were computed as shown above. Two artifi-
cial populations were also created empirically, one con-
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sisting of a regular distribution of points occurring
further from each other than in a Poisson distribution
and another having a markedly clumped pattern of
points. These were also subjected to analyses and some
typical values are recorded in the table. Statistical hy-
pothesis testing was carried out using the modified single
value-small sample comparison #-test of Student and crit-

Results of comparative Bose-Einstein, nearest neighbour and random
quadrat testing on various biological tissues?®

Tissue Redundancy Dispersion Quadrat
index index testing

Snail paramyosin filaments 0.47 1.61 0.38
Rat micropinocytic vesicles 0.42 1.57 0.45

9 Erythrocyte Rh antigens 0.31 1.48 0.57

9 Axonal microtubules 0.53 1.51 0.37
(neurotubules)

Synthetic random population 0.00 1.00 1.00
Synthetic dispersed population  1.00 2.15 0.50
Synthetic clumped population 0.83 0.25 1.00

*The dispersion index is given by the ratio of the empirically determined
mean distance between objects to the mean distance expected in a random
population. The mean distance for a random population is given by

1/2\/ N, and with standard error \/(4 — m)/(4nnN,) where n is the num-

ber of distances measured and N, their density per unit area. Items
indicated by § subjected to meta-analysis?4.

Figure 2. Sample electron micrograph of transverse section of snail
smooth muscle fibre. The large electron dense paramyosin filaments (ar-
rowed) appear to be non-randomly distributed. Specimens of muscle were
fixed in 3 % glutaraldehyde, post fixed in osmium tetroxide and embed-
ded in Araldite®. Thin sections were cut for electron microscopy and
prints prepared at a final magnification of x 86,000.
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ical Bonferroni ¢ values for 7 comparisons found in tables
of Sidak’s multiplicative inequalities *5.

Results

The results of the Bose-Einstein analyses given in the
table clearly indicate the high redundancy values that are
associated with the dispersed patterns of both organelles
and antigen sites previously studied by nearest neighbour
and quadrat techniques. Values for maximum dispersion
and clumping for the size of test grids used in the present
study give an indication of the maximum values possible.
The present author has not been able to find any two-di-
mensional distribution of organelles which appears to be
random when using conventional methods of analysis
and consequently values obtained by the analyses of syn-
thetic patterns has been included as a measure of the
lowest level of redundancy.

Discussion

It is important to note that the values obtained for R,
unlike those for nearest neighbour and other convention-
al quadrat methods, yield a measure of the extent to
which processes are tending to reduce the disorder (en-
tropy) of the system. R is given by the relationship R =
(1 - relative entropy) when the relative entropy is a mea-
sure of the extent to which the distribution is free to vary.
Bose-Einstein statistics are not intended to replace other
measures of spatial pattern but to provide alternative
information and be entirely complementary.

It must be noted that redundancy does not differentiate
between uniform and clustered patterns unlike conven-
tional analyses. For perfectly uniform and perfectly clus-
tered patterns the redundancy will equal unity. However,
in practice, for a clumped distribution R will always be
less than one as a non-maximally clumped distribution
can be realised in an analysis by the presence of all the
points equivalent to an experimental procedure all being
placed in a single cell of finite size.

Conventional nearest neighbour measures do not con-
tain as much information as a quadrat census since short
distances only are involved. Longer range interactions do
not usually contribute to the pattern information. Simi-
larly, single quadrat studies yielding variance to mean
ratios are size dependent and inevitably sample smaller
regions. ‘

The majority of point patterns studied by conventional
methods in disciplines other than cell biology, e.g. geog-
raphy and ecology, have been clustered distributions
with variance/mean ratios significantly greater than uni-
ty. It is not surprising to find that the negative binomial
theorem has been fitted successfully to a wide range of
patterns. When the constant of the negative binomial
distribution (k) is unity, the negative binomial distribu-
tion is identical to a geometric distribution which is a
limiting form of Bose-Einstein statistics. This is an im-
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portant theoretical link between conventional methods
and those of Bose-Einstein statistics. In the present
study, variance to mean ratios of the studied populations
are significantly less than one. In these circumstances the
technique of using the data to see if it fits a negative
binomial distribution with k£ =1 is not applicable. An
alternative procedure in the presence of a hyperdispersed
distribution is to compare the empirical frequency array
of all the values with that predicted by Equation 1 using
a Kolmogorov-Smirnov type procedure 1°,

Speculation on the biological significance of the findings
reported in the present study would seem appropriate.
That all types of the organelle examined occurred further
from each other than would be expected in a random
distribution and that clearly some causative process must
exist suggests further topics for investigation. For exam-
ple, it is possible that some structural features have yet to
be identified which are responsible for the increased spac-
ing between organelles. The relatively regular spacing
between the paramyosin filaments in snail muscle clearly
indicate some structural spacing support not yet identi-
fied by electron microscopy and which also suggests con-
traction mechanisms more closely resembling skeletal
muscle than those of smooth muscle. The spacing be-
tween axonal microtubules may similarly be related to an
unidentified structural support system. The mechanisms
of axonal transport certainly require a regular and direc-
tionally consistent vesicular transport system without
microtubular entanglement. Alternatively, their regular
spacing could reflect a more economical distribution of
neurotubules necessary for structural support or rigidity.
It is tempting to speculate that the newly described fila-
mentous system associated with neurotubules?® may be
the cause of the characteristic pattern. The non-random
distributions of micropinocytic vesicles in endothelia
suggest specific structural mechanisms for the siting of
their origins on the cell membrane though mutual repul-
sion by surface borne electrical charges remains a possi-
bility.

It should be noted that in the present study the distribu-
tions analysed have either been on plane surfaces or their
equivalent in that very long structures (filaments and
tubules) are distributed spatially only in the transverse
plane (in R?). Several types of problem naturally suggest
themselves for future investigation, for example the dis-
tribution of nuclear pores where some nearest neighbour
analyses have already been carried out®*. Though there
is also considerable interest in the distribution of or-
ganelles in three dimensions (in R?) generally, for exam-
ple, coated pits in phagocytes*? and membrane parti-
cles?3, it is not yet clear if the use of Bose-Einstein
statistics can be extended to such distributions. Such lim-
itations, however, are also applicable to other spatial
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pattern measures in R? and further theoretical studies
are necessary.

The approach identified in the present study using Bose-
Einstein statistics as a test probe of two-dimensional
distributions is potentially of widespread use in that it is
both magnification and subject independent (interdisci-
plinary). Its potential use includes estimating the order of
pattern in the organisation of cells in histology and
pathology in which processes are particularly character-
ised by increased disorder of cell distributions. As a
specific example, the disordered pattern of microtubules
seen in association with transport abnormalities induced
by vinblastine and vincristine administration could be
analysed. Similarly, rapid tests of whether autoradio-
graphic grains seen in micrographs could be of some
interest particularly in relation to the quantification asso-
ciated with specific test structures?®. Epidemiological
phenomena are distributed two-dimensionally and the
occurrence of non-random distributions is of prime inter-
est in the aetiology of some pathological processes.
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